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ABSTRACT

We present a novel approach to efficiently modelling branch structures with high-quality meshes. Our approach has
the following advantages. First, the limit surface can fit the target skeleton models as tightly as possible by reversely
calculating the control vertices of subdivision surfaces. Second, high performance is achieved through our proposed
analytical solutions and the parallel subdivision scheme on a graphics processing unit. Third, a smooth manifold quad-only
mesh is produced from the adopted Catmull–Clark scheme. A number of examples are given to demonstrate applications
of our approach in various branch structures, such as tree branches, animal torsos, and vasculatures. Copyright © 2013
John Wiley & Sons, Ltd.
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1. INTRODUCTION

Branch structures can be used to represent ubiquitous
three-dimensional (3D) models, such as tree trunks, vessel
systems, animal torsos, and so on. Shapes with branch
structures have natural line skeletons, which are usually
taken as excellent abstracts of models. Various approaches
have been developed to produce skeletons with radius
information, such as interactive techniques for small
models [1], contracting meshes with Laplacian operator
to extract skeleton for large models [2,3], and the vessel-
tracking algorithm for medical computed tomography
data [4]. Efficient reconstruction of 3D models from
extracted skeleton with high-quality surfaces is important
for the objects with a branch structure. It has a wide range
of applications in medical education, therapy planning,
video games, and other purposes.

Among various existing approaches of surface recon-
struction from skeletal data, the convolution surface-based
approach [5–7] generates a smooth surface but involves
huge potential field computation and iso-surface extrac-
tion. In addition, it usually generates low-quality triangle
meshes. Although the cylinder-based representation
[8] has high efficiency, it produces cracks between
adjacent components. Another more advanced explicit

reconstruction technique is the Catmull–Clark subdivi-
sion, which can achieve a smooth surface and efficient
computation through the exploration of its natural paral-
lelism. The technique of reconstructing branch structures
using the Catmull–Clark subdivision is proposed in [9];
however, the shrinkage problem during subdivision is not
discussed. Although the approximation of implicit surface
defined by metaballs is introduced by Ji et al. [1] to avoid
shrinkage, the huge computation hinders its interactive use,
particularly for large models.

Inspired by these works, we extend and improve the
scheme of B-mesh [1] and make it more suitable for
reconstruction of branch structures defined by the given
centrelines and radii. A high efficiency can be easily
achieved by parallelling the time-consuming subdivision
on a graphics processing unit (GPU) and through avoiding
the most computation-intensive implicit approximation.
Because of our closed-form solutions for reverse calcu-
lation of the initial control mesh, the shrinkage problem
is solved. In summary, our paper has the following
contributions:

(1) A parallel scheme for skeleton-based reconstruction
of tree-like shapes using subdivision surfaces, which
produces compact quad-only meshes
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(2) Closed-form solutions for reverse calculation of the
control mesh for the Catmull–Clark subdivision

2. RELATED WORK

Our proposed approach is related to tree structures and
subdivision surfaces. In this section, we briefly review
existing research activities in these two fields.

2.1. Tree Structures

Recently, reconstruction of trees from laser point clouds
was developed. In [10], the line skeletons and their radii
are extracted from given point sets, and then a ring is
placed around each node for producing a triangle mesh by
connecting these rings. In [11–13], the models of the trunks
and the main branches are represented with cylinders
or independent mesh components. Lluch et al. [14]
gave an approach of a single-mesh creation by refining
branching areas.

There are quite a few organ shapes with tree-like
structures, including vasculatures, bronchial trees, and so
on. Haln et al. [8] utilised blended concatenated trun-
cated cones for smoothness at branching points. Ritter
et al. [15] explored hatching lines and silhouettes for
enhancing shape perception. Convolution surfaces are
a preferred option for generating smoother surfaces.
Oeltze and Preim [5,6] presented a method for visualisation
of anatomic tree-like structures that represents the structure
models with convolution surfaces. Pihuit et al. [16]
also made use of convolution surfaces for sketch-based
modelling of vascular systems. The work is a first
step towards interactive teaching of anatomy. Another
approach for producing smooth surfaces of vasculature
is subdivision surfaces [9,17], which is considered as
one of the most advanced explicit reconstruction tech-
nique [18]. B-mesh [1] and skeleton to quad-dominant
polygonal mesh [19] run on CPU are proposed to convert
skeletal structures to quad-only and quad-dominant
meshes, respectively.

2.2. Subdivision Surfaces

As important modelling tools, the Catmull–Clark [20],
Loop [21], and Doo–Sabin [22] subdivisions have
been included in such packages as CGAL [23] and
OpenMesh [24] and are all performed on CPU. Recently,
the massive computational capability of GPUs and high
parallelism of subdivisions have given rise to many parallel
subdivision algorithms [25,26]. One kind of parallel
scheme is designed specially for Compute Unified Device
Architecture (CUDA) [27,28]. The paper borrows the
proposed parallel Catmull–Clark subdivision in [27].

Another important aspect about subdivision is to
compute the limit positions of the control mesh [29,30].
To approximate the target shape with subdivision surfaces,
some researches are carried out by reversing subdivision

rules [31–36]. Inspired by these studies, we give a closed-
form solution for approximating tree-like structures with
subdivision surfaces.

3. OVERVIEW OF APPROACH

The major task of our work is to present a scheme of
skeleton-based subdivision surface modelling for tree-like
models. The developed system consists of the following
stages:

� Input skeletons. Our system begins with connected
graph-based skeletons with radius information.
Graph-based skeletons are natural abstracts of 3D
shapes. The embedded skeletal information can be
obtained from different sets of collected raw data.
Many approaches can be utilised to create such
skeletons conveniently. For example, skeletons of
small models can be obtained through the modelling
packages [1]. Meshes are one of the most preferred
models in the field of computer graphics because of
the hardware support for fast rendering. It is effi-
cient to extract skeleton from large models by con-
tracting the meshes with a Laplacian operator [2,3]
(Figure 1(a–c)). Such skeletonisation can automati-
cally create a graph-based skeleton and a by-product
of mapping vertices (Figure 1(b)), from which the
radii of skeletal nodes can be calculated by aver-
aging the distances between each node and its
mapping vertices.

� Control mesh generation. In this step, the methods
in [1,9] can be used to create a control mesh based
on the extracted skeletons, and the technique in [1]
is utilised in our system because of its simplicity.
There may be a few triangles (Figure 1(d)) at branches
in the produced quad-dominant control mesh. The
proposed reverse control mesh calculation makes sure
that the subdivided mesh visually approximates the
original mesh.

� Subdivision. A parallel Catmull–Clark subdivision
of the control mesh is performed with CUDA on
GPU, which generates the refined quad-only mesh
(Figure 1(e–f)) with high efficiency.

4. CONTROL MESH GENERATION

In this section, we describe in detail the control mesh
generation based on the line skeletons, especially the
closed-form solutions for the reverse calculation of the
control vertices.

4.1. Topology Generation

According to the description in [1], the topology of the
control mesh can be divided into the following three steps:
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Figure 1. The overview of our approach. Given an original vasculature mesh (a), the by-product of mapping information (b) can be
produced, from which embedded line skeletons with adaptive radii (c) are extracted, and the control mesh (d) is produced on the

basis of the skeleton information, and then two levels of subdivision are performed (e and f).

Figure 2. One step of subdivision performed on the vertex qn and its one-ring neighbourhood. The subscript index indicates the
vertex number, and the superscript is the level of subdivision.

Sweeping. After creating a cross section of a square at
the root node, sweeping of the cross section along the
skeleton is performed except for branching nodes.
Convex hull creation. A convex hull is created around
each branching node with the cross section vertices of
its parent and its children. Then, two adjacent triangles
are merged into a quadrangle if the difference of their
normals is small enough.
Stitching. Finally, the swept tubes along non-branching
nodes and the convex hulls at branching nodes are
stitched if they are coadjacent.

4.2. In-between Node Approximation

As illustrated in Figure 2, our derivation is based on the
premise that a cylinder needs to be approximated by subdi-
viding a quadrangular prism, and it is reasonable because
the variation between neighbouring segments of biologi-
cal models is not large. Therefore, the key problem is to
make the vertex q0 of the control mesh fall onto the target
cylinder after subdivision. To further simplify the problem,
we only consider the x-coordinate and the y-coordinate
of q0 because the z-coordinate only affects the deviation
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along the z-axis direction and has no influences on the
approximation precision.

Here, we set the x-axis and the y-axis parallel with the
two neighbouring edges of the cross square and the z-axis
in the skeletal direction. Therefore, for a cylinder segment
with radius Rlmt D

p
2� , only the parameter ˛ has to be

reversely calculated for determining the two-dimensional
coordinates of q0.˛; ˛/, which ultimately converges to
q1 .�; �/.

Figure 3. A cylindric skeleton with uniform radii and its subdivi-
sion approximation (green balls are in-between nodes, and red
balls are end nodes). (a) The skeletal radius information and the
created control mesh, (b) the first subdivision, (c) the second

subdivision, and (d) the third subdivision.

Figure 4. Reverse control vertex calculation of target cylinder
(green balls are in-between nodes, red balls are end nodes, and
grey balls are auxiliary nodes). (a) The created control mesh
based on auxiliary nodes (grey balls), (b) the first subdivision
from a perspective view, and (c) the first subdivision from an

orthogonal view.

From the conclusions drawn in [29],

q1 D ˇ1qnC �1PnC .1� ˇ1 � �1/Rn (1)

qnC1 D a0qnC asPnC .1� a0 � as/Rn (2)

Figure 5. A three-level subdivision with t3 to approximate the
end ball in the skeletal direction and different diameter vari-
ations are achieved by adjusting the radii (equivalently sm) of
auxiliary balls. (a) Roffset D Rlmt, (b) Roffset D 0:7Rlmt, and (c)

Roffset D 0:2Rlmt.

Figure 6. Topological information in the mesh structure.

32 Comp. Anim. Virtual Worlds 2015; 26:29–42 © 2013 John Wiley & Sons, Ltd.
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qnCm D �.m/qnC �.m/qnC1C .1��.m/� �.m//q1

(3)
where PnD 1v

Pv
jD1 pnj and RnD 1v

Pv
jD1 rnj . For a

vertex with valency of v D 4 in the standard Catmull–

Clark scheme, a0 D 1 � 7
4v D

9
16 , as D 6

4v D
6
16 ,

ˇ1 D �1 D 4
9 , �.m/ D �1

3 .
1
4 /
m C 4

3 .
1
16 /

m, and

�.m/D 16
3 ..

1
4 /
m � . 116 /

m/.

Figure 7. A tree example. (a) The extracted skeletons with uniform radius, (b) the skeleton with adaptive radius, (c) the created control
mesh, (d) the first subdivision, (e) the second subdivision, (f) the third subdivision, and (g) the decorated tree with textures, tiny twigs,

and leaves.
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Technically speaking, it is adequate to obtain the rela-
tionship between ˛ and � according to Equation (1): ˛1 D
3
2� . In our implementation, two or three levels of subdivi-
sions have created visually smooth surfaces. Therefore, in
order to make the vertices approximate the limit surface
tightly after several subdivisions, we also give analytical
solutions for ˛m.m D 1; 2; 3; : : :/ based on Equations
(1)–(3):

˛m D
12�

8C 4�.m/C �.m/
(4)

where m indicates the final level of subdivision and
˛1 D

4
3� , ˛2 D

16
11� , and ˛3 D

64
43� are mostly used

in our applications. The analytical solutions of further
calculations at higher levels of subdivision can be
similarly obtained when required. Figure 3 illustrates a
cylinder approximated by three levels of subdivision. It can
be seen that the in-between green nodes are approximated
very well.

4.3. End-node Approximation

Compared with the good approximation at in-between
nodes, the approximation at the end nodes is very poor
as illustrated in Figure 3 (red nodes). Too much shrink-
age occurs in the skeletal direction, and the longer the end

skeletal segment is, the more shrinkage will be produced.
In what follows, an error control scheme is presented to
address this issue.

As illustrated in Figure 4(a), an auxiliary node (in grey)
is appended at each end segment. Two approximation goals
will be achieved. One is to guarantee the limit position of
the control vertex v0 (Figure 4(a)) or the limit position of
the first subdivided vertex v1 (Figures 4(b, c)) on the red
ball of the end node. The other is to make the limit posi-
tion of the first subdivided face point f1 (Figures 4(b, c))
approximate the polar position ppolar (Figure 4(c)) of the
red ball at the end node.

A local coordinate system is created. Its origin is at
the left end node (Figure 4(b)), the z-axis is in the skele-
tal direction, and the x-axis and the y-axis are parallel
to the two neighbouring edges of the cross square, which
coincide with the setting in the aforementioned section of
the in-between node approximation. For the control vertex
v0.�s; s; t/ in Figure 4(a), s and t are two parameters to
be solved. The vertex position vm and the face point fm

after m.m D 1; 2; 3; : : : ;1/ times of subdivision can be
directly computed according to Equations (1)–(3):

�
vm D gm .s; t ; ˛/
fm D hm .s; t ; ˛/

(5)

Figure 8. A dinosaur example. (a) The extracted skeletons with uniform radius, (b) the skeleton with adaptive radius, (c) the created
control mesh, (d) the first subdivision, (e) the second subdivision, and (f) the third subdivision.
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Figure 9. An octopus example. (a) The extracted skeletons with uniform radius, (b) the skeleton with adaptive radius, (c) the created
control mesh, (d) the first subdivision, (e) the second subdivision, and (f) the third subdivision.

Figure 10. A vasculature example. (a) The extracted skeletons with uniform radius, (b) the skeleton with adaptive radius, (c) the
created control mesh, (d) the first subdivision, (e) the second subdivision, and (f) the third subdivision.
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where q0.�˛; ˛/ is the control vertex at the end node of the
line skeleton as shown in Figure 4(a), which can be calcu-
lated from Equation (5). To make the vm and fm be on the
ball of the end node, we solve�

jvmj D
p
2�

jfmj D
p
2�

(6)

The analytical solutions for tm.m D 1; 2; 3; : : : ;1/ are
given as

tm D
5184
p
2�

32 .149C 13�.m/C 101�.m//
(7)

which controls the approximation precision in the skeletal
direction (Figure 5). In our experiments,

8̂̂
ˆ̂̂<
ˆ̂̂̂̂
:

t1 D
p
2�

t2 D
576
p
2

541 �

t3 D
9216

p
2

8521 �

t1 D
162
p
2

149 �

(8)

are the mostly used formulae in practice. The closed-form
solutions for sm.m D 1; 2; 3; : : : ;1/ can be obtained
as well. For the sake of conciseness, they are not pre-
sented here. As shown in Figure 5, different shapes of the
subdivision surface at ends can be achieved by tuning sm.

5. PARALLEL SUBDIVISION

Smooth surfaces can be produced by subdividing the
created control mesh. Here, the parallel Catmull–Clark
subdivision with CUDA is applied [27]. Because no adap-
tive constraints are necessary, a simplified version is
enough for our application. As illustrated in Figure 1(e),
excellent meshes with adaptive edge lengths to the skeletal
diameters have been achieved with the standard Catmull–
Clark subdivision.

The same topology structure as [27] is utilised
(Figure 6). There are three main types of kernels in total
in the subdivision. In the first type of GenFacePoints ker-
nel, one thread is dispatched for each polygon to generate

Figure 11. The advantage of our reverse control vertex calculation at in-between nodes. The green balls are in-between nodes, and
the blue mesh is the three-level subdivision mesh. Our scheme approximates the target balls more accurately (a–d) than the standard

Catmull–Clark subdivision (e–h), which leads to shrinkage.
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Figure 12. The advantage of our reverse control vertex calculation at end nodes. The balls in green, red, and grey are in-between
nodes, end nodes, and auxiliary nodes, respectively, and the blue mesh is the three-level subdivision mesh. Our scheme with auxiliary

nodes approximates the target balls in red more accurately (a–d) than that without auxiliary nodes (e–h).

a face point by averaging the vertices of the current poly-
gon. In the second type of GenEdgePoints kernel, each
thread is responsible for creating an edge point by aver-
aging four vertices: the two vertices of the edge in question
and the two face points of the adjoining faces. The last type
of GenVertexPoints kernel distributes a separate thread to
update each original vertex with the valence of n [20]:

Q

n
C
2R

n
C
S .n� 3/

n
(9)

where Q is the average of all the face points adjacent to
the old vertex, R is the average of all the mid-edge-points
incident on the old vertex, and S represents the old vertex.

6. APPLICATIONS AND
DISCUSSIONS

There are many tree structures in biological models. There-
fore, it is important to model their shapes with excellent
representation. In this section, we will give some examples
to demonstrate the applications of our method. All of them
are performed on a PC with an Intel Q9400 CPU (Intel
Corporation, Santa Clara, CA) with 4-GB memory and

an NVIDIA GeForce GTX 260 GPU (Nvidia Corporation,
Santa Clara, CA).

6.1. Plant Branch

Trees are one of the most utilised plants for realistic
modelling and rendering. As a major component,
trunks and branches tend to attract viewers’ focuses
because they shape the outline of a tree. So an efficient
scheme for representing tree branches is essential espe-
cially in a large scene simulation. With our approach, a
small number of quadrilaterals with nice edge flow could
represent a complex tree. Such an example of eucalyptus is
illustrated in Figure 7.

6.2. Animal Torso

Besides the plant trunks, some animal torsos also have a
branch structure with circular cross sections. Even though
highly detailed shapes are preferred in movies and video
games, they are usually modelled with a coarse-to-fine pro-
cedure. That is to say, many detailed shapes are created
by sculpting a base mesh that represents the rough struc-
ture of a target shape. In addition, quad meshes are often
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preferred over triangle meshes. Because of the two afore-
mentioned reasons, our method can be used to create initial
quad-only meshes for adding details using the sculpting
packages (Mudbox and ZBrush). Details can be seen in
Figures 8 and 9.

6.3. Vasculature

Traditional iso-surface extraction from medical volume
data generates triangle meshes. With such extraction,
triangles with low quality are hard to avoid espe-
cially for Marching cubes. Therefore, a post-processing

step of mesh optimisation has to be used to improve
the triangles. Vascular structures such as vessels and
bronchial systems have natural articulated line skeletons.
Our proposed scheme is especially suitable for creating
3D models of such structures as it is easy to produce
quad meshes with excellent edge flows along imbed-
ded skeletons and intuitive to manipulate the surface by
editing one-dimensional skeletons. The created models
can be widely applied in educational systems and ther-
apy planning. Besides the example given in Figure 1, we
here give one more vasculature example illustrated in
Figure 10.

Figure 13. Approximation errors with (a and b) and without (c and d) our reverse control vertex calculation.

Figure 14. Large error occurs when too many branches exist.
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6.4. Discussion

Compared with the standard Catmull–Clark subdivision,
which leads to shrinkage (Figures 11(e–h), 12(e–h),
and 15(e–h)), our scheme with reverse control vertex
calculation solves the problem and approximates the
target skeletal balls more accurately (Figures 11(a–d),
12(a–d), and 15(a–d)). As shown in Figure 13, our
approximation effectively reduces the shrinkage problem
at in-between nodes, although there are still errors at
branching areas.

Our method has a drawback. The balls at branch-
ing nodes (especially the nodes with too many child
branches) are usually not approximated as well as the in-
between balls (Figure 14). Even though the evolution of the
surface to an iso-surface defined by metaballs can
obtain better approximation at both in-between nodes and
branching nodes [1], the time-intensive potential field com-
putations severely reduce the performance. Therefore, an
offline distance field-based post-evolution can be employed
to enhance our approach. In theory, metaballs are not
suitable for producing a standard cylinder model, and

Figure 15. Our method creates nice visual effects (a–d), whereas the standard subdivision leads to shrinkage (e–h). A post-process
of approximation with enough metaballs (i–l) can create smooth enough surfaces (m–p), but bulging effects occur (u–x) if insufficient

metaballs are provided (q–t).
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Table I. Results of the produced shapes with three levels of subdivision.

Time(ms)

Facets CPU GPU

Models Methods Figure 15 Metaballs Skels CtrMesh SubMesh CtrMesh SubMesh Appr Total

Tree

Ours (a)
—

253 924 58 944 10.9 20.9
— 31.8

CC (e)

B-mesh
(m) 1 668 1 001.5 1 209.3
(u) 1 033 483.4 511.2

Dinosaur

Ours (b)
—

84 320 20 416 5.3 16.1
— 21.4

CC (f)

B-mesh
(n) 409 132.1 153.5
(v) 105 43.5 64.9

Octopus

Ours (c)
—

132 523 33 440 8.3 17.8
— 26.1

CC (g)

B-mesh
(o) 2 350 962.6 988.7
(w) 580 227.2 253.3

Vessel

Ours (d)
—

2 145 9 110 579 200 80.9 102.3
— 183.2

CC (h)

B-mesh
(p) 7 142 30 508.3 30 691.5
(x) 2 615 15 322.5 15 505.7

Skels, skeleton segments; CtrMesh, control mesh; SubMesh, subdivision surface mesh; Appr, approximation; CC, standard Catmull–Clark
subdivision without reverse control vertex calculation; GPU, graphics processing unit.

auxiliary metaballs have to be inserted between each pair
of nodes to produce a smooth field. Too many auxiliary
balls (Figure 15(i–l)) require a surprising amount of calcu-
lation (Figure 15(m–p) and Table I), and insufficient aux-
iliary metaballs (Figure 15(q–t)) generate bulging surfaces
(Figure 15(u–x)). In addition, too few metaballs will give
rise to fractures (Figure 15(u)). Therefore, it is nontriv-
ial to make a compromise between high performance and
good approximation.

Besides the excellent visual effects generated with our
approach, it also achieves an interactive rate easily. As
shown in Table I, the whole process can be efficiently
performed through parallelising the time-consuming sub-
division with CUDA and preventing the most computation-
intensive approximation.

7. CONCLUSIONS

In the paper, we have presented a scheme for creating
the quadrilateral meshes of tree-like structures using
Catmull–Clark subdivision surfaces. In order to approx-
imate the target graph-based skeletons well, we deduced
the closed-form solutions for the control vertex calculation
with the reverse subdivision rules. In order to achieve high
efficiency, the most time-consuming subdivision is per-
formed in parallel with CUDA on GPU. Experiments show
that our method approximates the cylinder-like shapes very
well at in-between nodes and achieves visually plausible
effects at end nodes. We have applied our approach to
different types of models, such as trees, animal torsos, and
vasculature structures, and produce excellent results for all
of them.

Because the standard Catmull–Clark subdivision cannot
fit a cylinder or a ball very accurately, our scheme is
an approximate solution. It can be used for applications
such as teaching, therapy planning, and so on where high
accuracy is not essential.
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